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NATURAL FREQUENCIES AND ELASTIC STABILITY
OF A SIMPLY-SUPPORTED RECTANGULAR PLATE
UNDER LINEARLY VARYING COMPRESSIVE LOADS

G. FAUCONNEAUT and R. D. MARANGONIT

201 Engineering Hall, University of Pittsburgh, Pittsburgh, Pennsylvania 15213

Abstract—The effects of constant edge loads and of a uniformly distributed in-plane load on the transverse
vibrational frequencies and elastic stability characteristics of a simply-supported plate are investigated. Bounds
for the eigenvalues are obtained for various plate width-to-length ratios as functions of two parameters associated
with the distributed in-plane load and the edge loads. The upper bounds are calculated by the Rayleigh—Ritz
method and the lower bounds by the Second Projection Method of Bazley and Fox. In all instances, the gap
between the bounds over their average is less than { per cent. Buckling load combinations are obtained by deter-
mining the values of the loading parameters making the first eigenvalue equal to zero.

NOTATION
Latin symbols
a length of the plate
a; matrix elements [equation (46)]
b width of the plate
¢ constants of linear combination [equation (20)]
D flexural rigidity of the plate
D,,D?,D,. respective domains of the operators L, L® and L’
f function of class C* defined over 0 < x < 1 [equation (16)]
G function of time [equation (6)]
g function of class C* defined over 0 < x < 1 [equation (16)]
g acceleration due to gravity
H Hilbert space
Jo,Jy Bessel functions of the first kind of orders zero and one
Jou zeros of Jy(x)
L differential operator in eigenvalue problem [equation (13)]
L° base operator [equation (27)]
L additional operator [equation (28)]
Lk L' intermediate operators
m plate density per unit area
N.,N,,N,, in-plane loads per unit of length
P, compressive thrust per unit of length at the edge x = 0
P, uniform critical compressive load for a simply supported plate
Pt projection operator [equation (36)]
Q! projection operator [equation (44)]
r aspect ratio of the plate [equation (12)]
t time
u function in the domain of L
u; function in D, [equation (23)]
v function in D, [equation (17)]
Ww lateral deflection of the plate [equation (1)]
X body force component per unit area

t Associate Professor of Mechanical Engineering.
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actual coordinate
non-dimensional coordinate x = X/a
body force component per unit area
actual coordinate
non-dimensional coordinate y = j/b

e W R

Greek symbols

o distributed in-plane load parameter [equation (12}]

o constants of linear combination [equation (44)]

B parameter [equation (12)]

B; constants of linear combination [equation (59)]

v edge load parameter [equation (12)]

¥ positive number [equation (42)]

3y Kronecker delta

& circular frequency of vibration [equation (7)]

BX, §) mode shape of deflection [equation (6}]

¢ function

W{x} eigenfunction of the operator L [equation (11}]

¥? eigenfunction of the operator L° [equation (30)]
i eigenfunction of the operator L’ [equation (40)]

yhE eigenfunction of the operator L"* [equation (56)]

eigenvalue of the operator L [equation (13)]

: upper bound for the eigenvalue

0 eigenvalue of the operator L° [equation (30)]

; eigenvalue of the operator L’ [equation (41)]

i eigenvalue of the intermediate operator L' [equation {56)]

1. INTRODUCTION

For many heavily loaded structural elements used in aerospace applications, inertia
forces are of great significance. For instance, the body forces developed in the mid-plane
of a plate by an acceleration component in this plane affect the potential energy of the plate
and, consequently, its natural frequencies of vibration and its stability characteristics.

The effect of in-plane loads on the deflection, natural frequencies and buckling stresses
for plates appears to have been considered mainly for the case where these loads are uni-
form throughout the plate.

Bickley [1] considered a clamped circular plate under tension and investigated the
effect of this tension on the normal displacements under pressure, and on the natural fre-
quencies of the plate.

Conway and his associates [2-4] determined the effect of combinations of uniform tensile
or compressive in-plane loads on the deflection and stress distribution of simply supported
and clamped rectangular plates.

Stein and Neff [S] determined the buckling stresses for a simply supported rectangular
plate in shear using the Rayleigh—Ritz method, while McKenzie [6] considered the buckling
of a rectangular plate under combined bi-axial compression, bending and shear with two
edges simply supported while the other two edges were arbitrarily supported. His solution
was obtained by an approximate variational method.

Johns [7] determined the static instability of rectangular orthotropic panels subjected
to bi-axial in-plane compression and lateral loads dependent on the panel deflection. The
panels were considered to be resting on an elastic foundation and their edges were elasti-
cally restrained against rotation.
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Wang and Sussman [8] considered the elastic stability of a simply supported plate
under linearly variable compressive loads. Using the Rayleigh-Ritz method, they deter-
mined the buckling coefficients and presented them in graphical form for different length-
to-width ratios. They concluded that the average buckling stress in the plate is less than the
uniform buckling stress and that the body force is a contributing factor to the compressive
stresses.

Weeks and Shideler [9] investigated the effect of constant bi-axial in-plane loads on the
vibration characteristics of rectangular plates with various boundary conditions. Their
solutions are exact if one pair of opposite edges is simply supported, otherwise the solutions
are approximate.

Further resuits for rectangular plates subjected to uniform in-plane loads can be found
in Refs. [10-12], and in Refs. {13 and 14] for skew plates.

Herrmann [15] appears to be the only author having considered the effect of a body
force and uniaxial in-plane compression on the fundamental frequency of vibration of a
simply supported rectangular plate. The body force acting in the plane of the plate may be
due to its weight or to an acceleration of the plate in its plane. Using the Rayleigh method,
Herrmann calculated an approximation to the fundamental frequency and to the buckling
load for a plate with aspect ratio equal to 3. As a first approximation, the linear term was
replaced by its average. The frequency decrease was found to be piecewise linear with in-
creasing fractions of the critical loading.

In summary, one finds that in nearly all the cases treated in the literature, the in-plane
loads have been taken as being constant, and that in the only two instances where the body
force has been considered the effect of the distributed load on the buckling load and on the
fundamental frequency is obtained by approximate techniques.

The object of the present investigation is then to determine the effect of a linearly varying
compressive load on the natural frequencies of a simply supported rectangular plate, taking
into account the influence of the plate aspect ratio. The type of loading considered here
gives rise to a differential equation with variable coefficients whose solution is difficult to
obtain. In order to find approximate solutions, two methods are used:

The Rayleigh-Ritz method is utilized to calculate upper bounds for the natural fre-
quencies. However, since the guality of these upper bounds is unknown without calculations
of error estimates or, what is equivalent, of lower bounds, the Second Projection method
of Bazley and Fox [16] is used to complete the prediction of the frequencies. Brief descrip-
tions of these mathematical methods are given in Section 3.

The determination of the buckling loads is accomplished by finding the values of the
loading parameters for which the first eigenvalue of the plate goes to zero. Some of the
results obtained here are compared to the results of Wang and Sussman [§].

Section 2 is concerned with the derivation of the plate eigenvalue problem for the
determination of the plate natural frequencies, and the results are presented and discussed
in Section 4.

2. FORMULATION OF THE PROBLEM

Consider a rectangular plate having uniform thickness, s, small in comparison to its
length a in the X-direction and its width b in the j-direction.

The plate is subjected to in-plane loads N,, N, N given per unit of length, and to
body forces X and Ygiven per unit area and acting in the middle plane.
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The differential equation governing the lateral deflection w(Xx, y, t) of the plate can readily
be obtained from Ref. [11, p. 335] by inclusion of the inertia term. In the absence of lateral
loads, it reads

o*w &Pw 0w Fw 0w 0w
—+DV*W—N, —5~N,—5—2N ———+X—+ Y- =0 1
T T T T T TR T M

where m denotes the plate density per unit area and D is the flexural rigidity

En?
b=ty @
The in-plane loads must satisfy the equilibrium equations
CAEIE I
dx  dy )
N
Mo iy 2o,
O0x v

For the plate subjected to a uniform compressive thrust P, , along the edge x = O and to a
distributed body force mg per unit area, the in-plane loads are given by

N,= —[P+mgx], N,=N, =0 X=mg Y=0. (4)

The loading and the geometry are illustrated in Fig. 1. That such a state of stress is possible
can be seen by substitution of these expressions in the equilibrium equations (3). However,
this stress distribution involves the assumption that the plate is free to deform in its own
plane.

I 8 + mga

E3

F1G. 1. Plate subjected to linearly varying compressive loads.
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Upon substitution of the in-plane loads (4) into equation (1), the lateral deflection of the
plate is governed by

o*w o*w ow
62+Dv4w+(1> MR’ 2+mga‘f=o. 5)
The search for eigenvibrations of the form
w(x, y, 1) = ¢(X, ))G(1) (6)
yields the pair of equations
d*G
a —+&2G =0 (7

’¢ mg ¢ msd)

82+D x D =0 ®)

1
V4¢+‘l-)'( 1 +mgXx)

where &2, the separation constant, represents the square of the circular frequency of the
motion.

At this stage, separation of the variables X and y can be accomplished only if the plate
is simply supported along the edges y = 0 and y = b. In this case, ¢ can be written in the
form,

P(X, J) = Y(x)Ay) )
where x = X/a and y = y/b and
Q,y) = C,sinnmy (10

while y must satisfy the differential equation

d*y P1a2+mgax 2n’n%a 2)d2|// mga® dy/ (maza”' n*nta*

&*"\'p "D b Jdx* D dx | D b )"’zo' (1

Introduction of the parameters
o = mga®/D
alb=r
y = P,/P,, = P,b*/kn*D

where k is a numerical factor depending on r as defined by Timoshenko and Gere [11],

B = =iy ~2my?)

e2m n*n
A= a4|:D——b4:|

permits equation (11) to be written in the form

4'// .3 ay | _
et [(ﬁ+x ]—Ml (13)

(12)
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with the boundary conditions (for simple supports at X = G and X = a):

d2
1//:——14———0 atx =0and x = 1. (14)

dx
The solution of equation (13) with boundary conditions (14) constitute the eigenvalue prob-
lem to be solved. The natural frequencies of the plate are related to the eigenvalues A by the

relation
Dl. gr*t .
Eiq = ;q?i:/hp-{”nb(‘ ] (15)

where p and ¢ give the mode of vibration, i.e. the numbers of half waves in which the
vibrating plate deforms in the X and ¥ directions respectively.

The determination of the buckling loads will be discussed in Section 4. Presently atten-
tion will be restricted to the determination of the upper and lower bounds to the natural
frequencies, i.e. to the bounds to the eigenvalues specified by equations (13} and {14). It
should be noted that an eigenvalue problem of the form found here was considered previ-
ously by one of the authors in a different application [17].

To establish the basis for the estimation of the eigenvalues A, the mathematical problem
will be cast in variational form.

The differential operator appearing in equation (13), and henceforth denoted by L, has
a domain D, consisting of the set of functions of class C* defined over the range 0 < x < 1
and satisfying the boundary conditions (14). Over this range, the inner product between
two functions fand g is denoted by and given by the Lebesgue integral

1
(frg) = L (g(x) dx. (16)

1t can be shown by integration by parts that the operator L is self-adjoint, i.e.
(Lu, v} = (u, Lv) (17

for any two functions v and v in D, .

Now, as is well known, a variational principle can always be constructed from a self-
adjoint operator in such a way that the corresponding Euler equation is the given dif-
ferential equation. If we assume that the eigenvalues of L are ordered in the non-decreasing

sequence
AAS A <A ... (18)

Courant’s maximum-minimum principle [18] gives the following characterization for the
jth eigenvalue:

(19)

| [(d2/dx?)? —a(f+ x)(d/dx)?] dx
4; = maxq min ° :
@) [(Gu)=0 f $* dx
O

where ¢ and the set of functions {u;} belong to D .
The problem is now reduced to finding approximations to the stationary values of the

Rayleigh quotient shown in equation (19).

i=ltoj—1
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3. DISCUSSION OF THE SOLUTION

The number and variety of techniques that have been used to estimate eigenvalues of
self-adjoint operators is enormous. For review of the literature on this subject, the reader is
referred to Refs. [19-22].

The methods used here to bracket the eigenvalues are the Rayleigh-Ritz method and
the Second Projection method of Bazley and Fox [16].

{a) Upper bounds (Rayleigh—Ritz method)

The central idea in the Rayleigh—Ritz method consists in determining the stationary
values of the Rayleigh quotient over the linear manifold spanned by a set of » linearly
independent functions {u;} satisfying the prescribed boundary conditions of the operator
L. The problem consists, then, in finding the functions u of the form

u= cu, (20)
=1

i.e. in finding the constants ¢;, making the quotient stationary, and its corresponding value.
The result is the general matrix eigenvalue problem

o4 Lupile]] = A, up)][e]. 2

Now since the set of functions u was restricted to the finite-dimensional manifold, it is
apparent that the eigenvalues 4; are upper bounds to the eigenvalues of the operator L, i.e.

Lh=4, j=L12..n 22)

Furthermore, it follows that as » increases, the upper bounds will be improved since the
Rayleigh quotient will take its stationary value over a larger subspace.
In the present study, the functions u; were chosen as follows:

u; = /2 sininx. (23)
They are orthonormal, i.c.
(u", uj) = 51‘} (24)
and they yield the following inner products:
(u;, Luy) = 0 for (i+j) even

1 1
= i | ——y s for {i+j) odd 25
ij [(I EEERNT +;)-’] (it)) (25)

= (in)*[(in)* —af—1a] fori=j.
The inner products were used to solve numerically the matrix eigenvalue problem
specified by equation {21). The results are presented and discussed in Section 4.

(b} Lower bounds (Bazley~Fox Second Projection method)

In the determination of lower bounds of a self-adjoint operator L, the method of inter-
mediate problems introduced by Weinstein and Aronszajn [20] was modified by Bazley
and Fox by the introduction of a second projection in order to reduce their determination
to finite, linear algebraic computations. Only the outline of the method will be given here.
For further details and proofs, the reader is referred to Ref. [16].
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We consider the set of all square integrable functions defined on the interval [0, 1] along
with the inner product defined in equation (16). This set, along with the inner product
defined, constitutes a separable Hilbert space which will be denoted by H. The self-adjoint
operator L in H is assumed to be decomposable as the sum of two operators

L=L°+L (26)

where L° is a self-adjoint operator with easily solved eigenvalue problem and L' is positive
definite and self-adjoint.
We take for L° the operator

4 2

d d
o _. - -
L® = dx4+oc(ﬁ+ I)dxz (27
and for L’
d d :
L = —alia(l —x)d—JE] (28)
LY is easily shown to be self-adjoint, and its eigenvalue problem, viz.
d4 0 d2
d;’i +a(f+1) d;ﬁz" = 2%°
a2y 29)
Yo = 52 =0 atx=0andx=1
has the solution
Yo = /2 sin nmx
and
e = (nm)*[(nm)? — o+ 1)). (30)

The domain of L', D, ., consists of the set of functions of class C? vanishing at x = 0 and

x = 1. For any function ¢ in D;.,
2 1
9? dx— oc(l—x)qﬁ% (31
dx dx 0

1 d 1
(L'd,¢) = —fo a[a(l-x)%]qb dx =f (1 —x)

0

Since the boundary term vanishes,
(L'¢,¢) >0 forgp #0 (32)

ie. L' is positive definite. Furthermore, it can be shown by integration by parts that L’ is
self-adjoint. Now since L’ is non-negative and D, coincides with Do,

(u, L°u) < (u, Lu) (33)
and consequently the ordered eigenvalues of L° and L satisfy the inequalities:
A2 < A i=123.... (34)

Thus the eigenvalues of L° are lower bounds to those of L. However, in most instances
(including in this application) these lower bounds are far removed from the true eigenvalues
;. In order to improve these rough bounds, a sequence of self-adjoint operators L* is



Natural frequencies and elastic stability of a simply-supported rectangular plate 481

constructed so that they have the same domain as L° and their eigenvalues satisfy the
inequalities

R << (35)
In the Weinstein-Aronszajn construction, the intermediate operators L* are constructed
using linearly independent vectors in D;.. Here, we select as these vectors the eigenfunctions

; of the operator L'. The projection of any function ¢ in D, on the span of the first k
eigenfunctions of I is given by

k
PY = ) (6. ¥V (36)
i=1
The kth operator LF is then defined by
k
L'¢ = Lo+ L'P'd = LO¢+ . (¢, VL. (37)

Its domain is Dy, and it is self-adjoint as can easily be shown. The inequalities

(#,L°¢) < (¢, L*P) < (¢, L*" ') < (¢, L9) (38)

being satisfied, the parallel inequalities (35) are also satisfied. The determination of the
eigenfunctions ¥} requires the solution of the eigenvalue problem
d dy’
_ o oy — ;v/ t
dx[oc(l X) dx] Y (39)
with
Y'(0) = y'(1) =0.

The normalized eigenfunctions for this problem are

Vi = Joljo,/ (1 —x)] (40)

1
JIUO,L')
where J, and J are respectively the Bessel functions of the first kind of order zero and one,
and j, ; are the zeros of Jy(x). The corresponding eigenvalues are

2
%jg,i

}'i::' 4

(41)
It is readily apparent that the determination of the spectrum of the intermediate operator
L¥ gives lower bounds to those of L. In general, however, the eigenvalue problem for L*
presents difficulties, and in order to overcome them, Bazley and Fox [16] have modified
the intermediate operator L* by introducing smaller operators L"* whose spectra can always
be determined by finite algebraic computations,

For every positive number y*, the operator L* may be written as

L* = (L°=y*)+(L'P* +9%). (42)
Consider the inner product <u, v) defined for any two functions u and v of H by

Cu, 0y = ((L'P*+y*Ju, v). (43)
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Consider a set {g;} of linearly independent functions in H. The projection Q' of an ele-
ment ¢ of H on the linear manifold spanned by the first [ vectors of the set is given by

!

Qld) = Z %id; (44)

i=1

where

1

o = Z aij(d)a [LlPk‘FV*]CIj) (45)

j=1
and where the a;; are the elements of the matrix inverse to that with {g;, g;>, i.c.
la;] = [([L'P*+y*)g;, g)]" . (46)

Hence the projection Q'¢ can be written as

! i
0'¢ = Z Z a; (9, [L’Pk‘H’*]‘Ij)‘Ii 7
i=1j=1
As [ increases, the projection Q'¢ increases, and for any ¢ in H,
0 < (¢, [L'P*+7*10'¢) < (¢, [L'P*+7*10'"1¢) < (¢, [L'P*+7*]9). (48)
The operators L"* are now defined by
LW = [L° —y*]+ [L'P*+y*]Q" (49)

They have the explicit representation
1o
L' = [L'=y*]o+ ¥ ¥ ayle, [L'P*+7*]q,)[L'P +*]q;. (50)
i=1j=1

In view of equations (48) and (50) we have
(6. [L°—7*19) < (¢, L**¢) < (¢, L'* “*) < (¢, L*¢) < (6, L) (51)
for any ¢ in D, and the corresponding eigenvalues satisfy then the parallel inequalities
AW—yr< A< AT < 2 < A (52)
The original problem now reduces to the solution of the eigenvalue problem

Lty = 3ty (53)

for the determination of lower bounds to the eigenvalues of the operator L.
To facilitate the solution of this problem, the following special choice of the functions
g; can always be made:

q; = [L'P*+9*17 17 (54)

where ! are the eigenfunctions of L° given by equation (30). With this choice, the operator
L™ takes the form

L'¢ = [L°—y*]9 + .Z,l ai( @, YW} (55)

1
i=1
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and the eigenvalue problem under consideration becomes

LMtk = [LO—y* gt + ‘IL i ay(WH YRN] = At (56)

i=1j=1

Its solution is accomplished as follows:
If the eigenfunction y* is orthogonal to the span of {¥/{}i_,, equation (56) reduces to

[LO —y*yhh = Akt (57)
which means that L"* has the same eigenvalues and eigenfunctions as [L°—y*]; or
t=a-y
Sk — o i> 1l (58)
If, however, Y"* is in the span of {{?}!_,, it may be written as
1
Y =3 B (59)
n=1
Substitution in equation (56) yields
1 1 i 1
Z BiA? —y* WP + Z Z aijﬁj‘/’? = A Z B? (60)
i=1 i=1j=1 i=1

which in view of the linear independence of the eigenfunctions ? yields
i
Y {2 —9M0,+a,;,— A6, =0 i=12...1 (61)
j=1

For non-trivial eigenfunctions y/"*, the determinant of this system of equations must
vanish :

det [(A? —y*)d;;+a,;—A"*6,| = 0. (62)

This characteristic equation gives the eigenvalues of L"* corresponding to the eigen-
functions in the span of {}i_,. These can then be ordered with the other eigenvalues
obtained from equation (58).

The major labor involved in the determination of the eigenvalues A"* lies in the compu-
tation of the elements a;;. From Bazley and Fox [16] and Fauconneau [17] we find that they
can be computed from the equation

1 A , , -1
[a;;] = [F {5.7— Y m(‘//? W)WY, '//m)” . (63)
The positive parameter y* appearing in the formation of L"** has been shown in Ref. [16]
to have an optimum value for the determination of AY* such that AP, ; —y* = A%* Since
A* is not known, y* must be chosen from an estimate of A*. Such an estimate was supplied
here by the Rayleigh-Ritz procedure.
In the following section, the details of the numerical procedure used are reviewed, and
the results are presented and discussed.
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4. RESULTS AND DISCUSSION

The procedure used in the calculation of the eigenvalues of the plate was as follows:
for a given aspect ratio a/b, and for given values of the parameters « and y, the bounds for
the eigenvalues 4 defined by equation (12) were computed for fixed values of the parameter
n. This parameter indicates the number of half waves in the mode shape in the y-direction.
The range of discrete values of n considered was from 1 to 5. The circular frequencies were
then calculated using equation (5).

The upper bounds were computed using 15 x 15 matrix sizes, and the lower bounds
were obtained from intermediate operators with k = [ = 8. Thus, for fixed aspect ratio and
fixed loading, a sequence of eigenvalue problems (one for each value of n) was solved to take
into account the possible combinations of half waves in the x- and y-directions giving the
mode shapes of the plate. Consequently, for each case considered, the upper bound method
yielded a matrix giving upper approximations to the eigenvalues of the plate for combina-
tions of its first 5 half waves in the y-direction and its first 15 half waves in the x-direction.
Similarly, the Second Projection method yielded lower approximations to the eigenvalues
of the plate for combinations of its first 5 half waves in the y-direction and its first 8 half-
waves in the x-direction. By inspection of the two resulting matrices, it was then possible
to order the bounds to the eigenvalues in ascending order of magnitude, and to observe
their corresponding mode orders.

This procedure was followed for fixed values of the parameter o and increasing values of
v to that value of y for which the lowest eigenvalue became equal to zero. This critical
value of y gives an indication of the reduction of the critical constant edge loading brought
about by the distributed in-plane load of magnitude corresponding to the given value of «.

The following geometrical and loading conditions were considered: a/b = 0-5 for a
range of a from 5:0 to 30-0; a/b = 1.0 for a ranging from 5-0 to 65-0; a/b = 2.0 for o ranging
from 50 to 60-0 and a/b = 3.0 for &« ranging from 5.0 to 60-0.

The effect of the in-plane i0ads on the two lowest natural frequencies of the plate is
illustrated in Figs. 2-9 for the various aspect ratios and loading conditions studied.

Examination of the figures indicates that the variation of the frequencies with the loading
depends markedly on the aspect ratio of the plate. Two distinct types of behavior are evi-
denced, depending on whether the aspect ratio is less than or greater than 1-0.

1. Aspect ratio less or equal to 1.0

As illustrated in Figs. 2-5, for a/b < 1.0, the natural frequencies decrease linearly
with increasing values of y, i.e. with increasing values of the edge loads, for fixed values
of the distributed in-plane load parameter «. This rate of decrease is approximately
constant for each frequency associated with a specific aspect ratio. It should be noted
that in Figs. 3 and 5, which represent the variation of the second natural frequencies,
the curves have been terminated at those values of y for which the plate became elastically
unstable.

For plates with aspect ratios 0-5 and 1.0, the lowest frequency always corresponds to the
{1, 1) mode which is also the buckling mode of the plate.

The large effect of the distributed in-plane load on the frequency variations and on the
critical values of the edge load parameter y is illustrated by the wide spread between the
curves corresponding to fixed values of the parameter o.
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2. Aspect ratio greater than 1.0

For aspect ratios greater than 1-0, the frequency variations with the loads are markedly
different than those exhibited by plates with aspect ratios less than or equal to 1-0. Figures
6-9 illustrate the variations of the first two frequencies of plates with a/b = 2-0 and 3-0.
As the graphs indicate, the mode (1, 1) is not always the one corresponding to the lowest
frequency of the plate. Indeed, for small values of y the first mode of vibration is the (1, 1)
mode and the frequency variation is essentially linear for y up to approximately 0-5. How-
ever, as y increases beyond this value, the lowest frequency switches to another mode.
Figure 10 illustrates this phenomenon for a plate with a/b = 2.0 and « = 50. In that figure,
the variations of the frequencies associated with the (1, 1) mode and the (2, 1) mode are
illustrated. For y less than 0-64, the lowest frequency is associated with the (1, 1) mode, and
it decreases with increasing values of y. The frequency associated with the (2, 1) mode also
decreases with increasing values of y. However, at y = 0-64, the two modes exchange roles:
the lowest frequency now corresponds to the (2, 1) mode which eventually becomes the
buckling mode as y reaches its critical value. It should be noted that after this mode inter-
change, each one continues the variation trend initiated by the other one. The dashed
line in Fig. 6 indicates the locus of the mode transition points for the various values of a
plotted.
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Fi1G. 10. Mode shift in the first frequency variation of a plate subjected to in-plane loads
(aspect ratio = 2.0).

Figure 11 shows how the plate with a/b = 3-0 exhibits two such mode shifts. First, the
lowest frequency corresponds to the (1, 1) mode, then it switches to the (2, 1) mode and,
eventually, to the (3,1) mode which is then the buckling mode. Qualitatively, similar
behaviors are exhibited by the higher order frequencies. For instance, in Fig. 9, the second
frequency for the plate with a/b = 3-0 shifts mode three times before buckling occurs.
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Similar behaviors are to be expected for plates with higher aspect ratios. These results
appear to be in qualitative agreement with the case handled by Herrmann [15] for a/b = 3-0.

As illustrated by Figs. 6 and 8, the distributed in-plane load appears to have a much
smaller effect on plates with a/b greater than 1-0 than on plates with aspect ratios less than
or equal to 1.0.

TABLE 1. UPPER AND LOWER BOUNDS TO THE FREQUENCIES OF A
SQUARE PLATE WITH COMPRESSIVE AND IN-PLANE LOADING, 2 = 10.0

y Order Upper bound Lower bound
t 339-24 33921
2 2236-66 223641
0-00 3 2385-33 2385.31
4 6035-76 6035-52
5 9295.64 9292.32
1 300-29 300-18
2 2080-81 208057
0-10 3 2346-35 2346-31
4 5879-89 5879-65
5 8944.98 8941-66
1 261-17 261-14
2 1924.97 1924.73
0-20 3 2307-37 2307-34
4 5724.02 572378
5 8594-32 8591-00
1 22211 222.08
2 1769-13 1768.89
0-30 3 2268-38 2268.36
4 556815 5567-92
5 8243-66 8240-35
1 183.05 183.02
2 1613-30 1613-08
0-40 3 2229-40 2229.37
4 5412-29 5412-04
5 7893-01 7889.72
1 14396 14393
2 1457-49 145726
0-50 3 219041 2190-38
4 525642 5256-18
5 754236 7539-06
1 104-85 104-81
2 1301-70 1301-47
0-60 3 2151-42 2151-40
4 5100-55 5100-32
5 7191-71 718843
1 65-71 65-68
2 114594 1145.70
0-70 3 2112:43 2112-40
4 4944-69 4944.44
5 6841.07 6837.79
1 26-52 26:50
2 990-21 989.97
0-80 3 2073-44 2073.41
4 4788-82 4788.57
5 6490-43 648715
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The effect of the distributed load on the critical edge load is illustrated in Fig. 12 which
permits the determination of the critical edge load for a given value of the aspect ratio and
of the distributed in-plane load parameter. The results obtained here compare favorably
with those of Wang and Sussman [8]. For instance, for a square plate with y = 0, the present
study indicates that the value of « for buckling is equal to 63-8. Using the graphical results
of Wang and Sussman for the same conditions, the critical value of  is calculated to be
64-15 (within the limits of accuracy of their graph).

The coupling of the Second Projection method with the Rayleigh--Ritz method yielded
excellent results: in all instances, even near buckling, the gap between the bounds for the
eigenvalues over their average was less than 0-5 per cent. Table 1 shows some of the
numerical results for the bounds for the eigenvalues of a square plate. (Complete tabulated
results are presented in Ref. 23.) The results show once more the quality of the Rayleigh~
Ritz method (at least for the trial functions used in this application). Of course, this quality
could not be established a priori, and only through the calculation of lower bounds can
confidence be established to use the method in predicting the natural frequencies of plates
with other aspect ratios and other values of the loading parameters.

Finally, it should be noted that one of the advantages in the methods used here resides in
the fact that the shift in the modes of vibration is extremely easy to observe. In other
methods, such as finite difference methods and finite element methods, such observations
are rather difficult, if not impossible, to make.
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AbctpakT—Mccnenyorcs 3¢hdhexTsl MOCTOAHHBIX KPAEBBIX HATPY30K MU PAaBHOMEPRO PACMOJIOKEHHbIX B
IUIOCKOCTH HAarpy3oK Ha 4acTOTbl MNONEPEYHbIX KOJIeOaHMH W XapaKTEPHUCTHKH YIPYroi YCTOHYMBOCTM
¢cBODOAHO ONEPTHIX MIACTHHOK. [lonyvaroTcs mpemensl cOGCTBEHHBIX 3HAYEHHH IUTA PA3HBIX OTHOLIEHUM
LIMPHHBL TUIACTHHKM K €€ [JIAHE, B BUAC QYHKLUWA ABYX MapaMeTpoB, CBR3AHHBIX C PACMOJIONKEHHON B
IIIOCKOCTH HAarpy3kKoil ¥ KpaeBsiMU Harpy3kamu. Onpepensiercs BepxHuii npenen MeronoM Penes—Purua,
a HMXHMI TpeJeNl MeToaoM BTOpO#d npoekunu basnes u dokca. [ns Bcex cyyaeB, MHTEPBAT MEXIY
MpenesaMH, BbillIE WX CPEJHHX 3HAYEHUH, OKA3bIBAETCA MEHbIUE YeM MOJOBHHA npoueHTa. [Tonyyaworcs
KOMOMHALMM HACPY3KM BLIUIYYWBAHHMS [YTEM OMPCACTCHHS 3HAYEHWM NAapPaMETPOB Harpy3ku, KOTOpbI€
CBOISAT EPBble COOCTBEHHBIE 3HAYEHUSL K HYJIIO.



